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ABSTRACT:In the present investigation, we consider two new subclasses My (A, u; a) and My (4, u; B) of X,
consisting of analytic and m-fold symmetric bi-univalent functions in the open unit disk U. For functions belonging to
the two classes introduced here, we derive estimates on the initial coefficients |a,,,1| and |as,,+1|. Several related
classes are also considered and connections to earlier known results are made.
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I.INTRODUCTION

Let A denote the class of functions of the form:

fz)=z+ Z a,z" D

n=2
which are analytic in the open unit disk U = {z:z € C and |z| < 1}. Further, by § we shall denote the class of all
unctions in A which are univalent in U.
It is well know that every function f € S has an inverse £, defined by
@)=z (zev)

and

FUErw) =w (Il <n(; () =3),
where
flw) = gw) =w — a,w? + (2a3 — a;)w? — (5a3 — 5a,a3 + a,)w* + -, 2
A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent in U. We denote by X the class
of all bi-univalent functions in U given by the Taylor-Maclaurin series expansion (1). Lewin [12] investigated the class

of bi-univalent functions X and obtained a bound |a,| < 1.51. Motivated by the work of Lewin [12], Brannan and
Clunie [5] conjectured that |a,| < /2. Some examples of bi-univalent functions are f: —log(1 —2) and %log(g
(see also Srivastava et al. [18]). The coefficient estimate problem involving the bound of |a, |(n EN \{1,2}) for each
f € X isstill an open problem [18].

For each function f € §, the function
h(z) = "\Jf(z")(z € U; m€N) 3)
is univalent and maps the unit disk U into a region with m-fold symmetric. A function is said to be m-fold symmetric
(see [11,16]) if it has the following normalized form:

f(z)=z+Zamk+1zmk+1(z€U; m € N). (4)
k=1
We denote by §,, the class of m-fold symmetric univalent functions in U, which are normalized by the series
expansion (4). The functions in the class § are said to be one-fold symmetric. Each bi-univalent function generates an
m-fold symmetric bi-univalent function for each integer m € N. The normalized form of f is given as in (4) and the
series expansion for f~1, which was recently proven by Srivastava et al. [19], is given as follows:
IW) =W = @p W™+ [(n + 1)ag 41 — Qg W™+ =

1
E(m +DBmM + 2)ay, 41 — Bm + 2)Ap 4102m 41 + Az | W+, ()
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where f~1 = g, we denote by Z,, the class of m-fold symmetric bi-univalent functions in U. It is easily seen that for

m = 1, formula (5) coincide with formula (2). Some examples of m-fold symmetric bi-univalent functions are given as
follows [19]:

1 L
(250" Frtoga 2o nd i ()

1—zm
with the corresponding inverse functions
1 1

1 = -
( wm m ewm —1\™ 4 eZwm —1\™ el
’ m —em 1| t .
1= Wm) oW an o2 11 respectively

Brannan and Taha [6] introduced certain subclasses of the bi-univalent function class X similar to the familiar
subclassess*(B) and K (B) of starlike and convex function of order B(0 < B < 1) respectively (see [15]).The classes
Sy (a)and X; (a)of bi-starlike functions of order a and bi-convex functions of order a, corresponding to the function
classes $*(a) and K (), were also introduced analogously. For each of the function classes Sy (@) andX;(a), they
found non-sharp estimates on the initial coefficients. In fact, the aforecited work of Srivastava et al. [18] essentially
revived the investigation of various subclasses of the bi-univalent function class X' in recent years. Recently, many
authors investigated bounds for various subclasses of bi-univalent functions ([2], [3], [4], [8], [9], [13], [17], [20]).

The aim of this paper is to introduce two new subclasses of the function class bi-univalent functions in which
both £ and f~! are m-fold symmetric analytic functions and derive estimates on initial coefficients |a,,,| and
|a,m 41| for functions in each of these new subclasses. Several related classes are also considered and connections to
earlier known results are made.

In order to derive our main results, we have to recall here the following lemma [7].
Lemma l. If h € P, then |b,| < 2 for each k € N, where P is the family of all functions h, analytic in U, for which
R(h(2)>0 (z€U),

where
h(z)=1+biz+ byz?+-- (z€U).

I1. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS My (4, w; @)

Definition 1. A function f(z) € Z,, given by (4) is said to be inthe class My (A, u;0) (0<a<1;,0<u<i<1)
if the following conditions are satisfied:

</1uz3f (2) + QAu+ 21— Wz°f (2) + zf (Z)) ‘ e v ©
Wz f" (2) + A= wzf (2) + 1 = A+ wf(2)
and
</1/,tw3gm W) + Q@A+ 1 — wwig W) +wg' (w)>| om( € U) @
B\ AuwZg” () + A — wg w) + (L — A + ) g(w)
where the function g = £~ is given by (5).
Theorem 1. Let f(z) € My (A pa) (0<a<1; 0<pu<A1<1)beofform(4). Then
2a
lam 1] < €)
V2am(m + 1)(1 + 2mA — 2mu + 2mAu + 4m?Ap) + m(m — ma — 2a)(1 + mA — mu + mAp + m2Ap)?
and
| < 2(m + Da? N a 9
Gam+1l =03 (1 +mA—mu+mAu+m2Ap)?2  m(1 + 2mA — 2mp + 2mAu+4m2Au) ©
proof. It follows from (6) and (7) that
wz " (2) + QAu+ 21— Wz f " (2) + zf (2) "
T ; = [p@)] (10)
Az f () + A—-wzf @)+ (1 -1+ wf(2)
and
w?g” W) + QAp + 21— ww?g" (w) +wg (W) «
. , = [qw)]% (11)
Auw?g (W) + (A —wwg W) + (1 -2+ wg(w)
where the functions p(z) and g(w)are in P and have the following series representations:
p(2) = 14 ppz™ + Py z®™ + P3nz’™ + - (12)
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and
qW) =1+ guw™ + Gonw?™ + 3w’ + -, (13)
Now, equating the coefficients in (10) and (11), we obtain
m(1 +mA — mu + miu+m?Ap) a1 = AP, (14)
2m(1 + 2mA — 2mpu + 2mAu+4m2 Au) azp 41 —
1
m(1 +mA — mu + mAu+m?Ap)?a’, .1 = apym + Ea(a - 1p2 (15)
—m(1 + mA — mu + mAu+m?Ap)a,, .1 = agy, (16)
and
2m(1 + 2mA — 2mpu + 2mAu+4m? ) [(m + a1 — azmer] —
1
m(1l 4+ mA — mu + miu+m?Ap)?a’ .1 = aqym + Ea(a —1)g3. 17)
From (14) and (16), we find
Pm = —Qm (18)
and
2m?(1 + mA — mu + mAp+m?Ap)?az .1 = a?(p2 + q2). (19)

From (15), (17) and (19), we get
2am(m + 1)(1 + 2mA — 2mpu + 2mAu+4m?Ap)a?, , +
m(m —ma — 2a)(1 + mAd — mu + mAu+m?Ap)?a?, 1 = a?Dom + Gom)- (20)
Therefore, we have
2. = a*(pam + Gom)

™7 2am(m + D1 + 2mA — 2myu + 2mAu+4m2 ) + m(m — ma — 2a)(1 + mAd — mu + mAu+m2ip)?

Applying Lemma (1) for the coefficients p,,, and g,,,, we have
2a

J2am(m + (1 + 2mA — 2mu + 2mAp+4m2au) + m(m — ma — 2a)(1 + mA — mu + mAp+m2Au)? .
This gives the desired bound for |a,, .| as asserted in (8).

Next, in order to find the bound on |a,,, 411, by subtracting (17) from (15), we get
4m(1 + 2mA — 2mp + 2mAp+4m?Ap) g1 — 2m(m + 1) (1 + 2mA — 2mu + 2mAu+4m?Ap)a? 4

1
= a(Pam — Gam) + Ea(a - D@ — qn)- (22)
It follows from (18), (19) and (22) that
(m + 1o’ (pr + qm) a(Pam = qz2m)

4m2(1 + mAd — mu + mAp+m2Apn)? - Am(1 + 2mA — 2mu + 2mAu+4m?in)
Apply Lemma (1) once again for the coefficients p,,, P2, gmand q,.,, We readily obtain

| < 2(m + Da? N a

Gam+1l = m2(1 + mA —myu + mAu+m? )2 m(1 + 2mAd — 2mu + 2mAu+4m2An)
This completes the proof of Theorem (1).

ey

|am+1| <

Am+1 =

I11. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS M’y (4, u; B)

Definition 2. A function f(z) € Z,, given by (4) is said to be in the class My (A, ;) (0<B<L,0=<u<A<1)
if the following conditions are satisfied:

Mz3" (2) + A+ A — W22 (2) + 2f (2)
Re <Kuzzf” @+A-wzf @)+ (1 -A+ u)f(z)) B (zeU) (25)
and
Awdg” (w) + (2Ap + A — w?g’ (W) + wg (w))
<le2g” W)+ O—wg W) + A —Atpgw) F  WeU (26)

where the function g = f~1 is given by (5).

Theorem 2. Letf(z) € My (A w;B) (0<B<1; 0<pu<41<1)beofform(4). Then
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2(1 -
lam+1| < 1P : (27)
m(m + 1)(1 + 2mA — 2mp + 2mAp+4mZAp) — m(1 + mA — mp + mAp+mZAp)?

and
2(m +1)(1 - B)° (1-8)
|aZm+1| < mz(l +mA—m 2 2 _ 2 . (28)
4+ mAp+m?Apw)?  m(1 4+ 2mA — 2mp + 2mAp+4m2Ap)
Proof. It follows from (25) and (26) that there exist p, q € 2 such that
wz3 " (2) + A + A — Wzt (2) + zf (2
}\uzf”() (_u , 1) E) ()=B+(1—B)p(2) 29)
uz?f (z) + A —wzf (2) + (1 -2+ wi(z)
and
Auw3g” — Ww?g” ’
1t Zg” (w) + CAp+ 2 , wwg (W) +wg (w) _ B+ (1 Baw), 30)
Apw?g (w) + A — wg (W) + (1 — A + p)g(w)
where p(z) and q(w) have form (12) and (13), respectively.
It follows from (29) and (30) that
m(1 + mA — mp + mAp+m?Ap)a, 41 = (1 = B)Pm, (31)
2m(1 + 2mA — 2mp + 2mAp+4m2AW)ag, 41 —
m(1 + mA — mp + mAip+m?Ap)?az o = (1 = B)pzm, (32)
—m(1 + mA — mp + mAp+m?AWan, 1 = (1 — B)qm (33)
and
2m(1 + 2mA — 2mp + 2mAp+4m?Ap) [(m + a4, — agm+1] —
m(1 + mA — mp + mAp+m?Ap)?aZ 4 = (1 — B)qam- (34)
From (31) and (33), we find
Pm = —0m (35)
and
2m*(1 + mA — mp + mAp+m*Ap)?ag 1y = (1 - B)*(ph + qn)- (36)
Adding (32) and (34), we have
[2m(m + 1)(1 + 2mA — 2mp + 2mAp+4m?Ap) — 2m(1 + mA — mp + mAp+m?Ap)?]as,
= (1 - B)(pZm + qu)- (37)
Therefore, we obtain
2 (1 = B)(P2m + 92m) (38)

Am+1 = 2m(m + 1)(1 + 2mA — 2mp + 2mAp+4m2Ap) — 2m(1 + mA — mp + mAp+mZap)?2
Applying Lemma (1) for coefficients p,,, and q,.,, we obtain

2(1-P)
m(m + 1)(1 + 2mA — 2mp + 2mAp+4m2Ap) — m(1 + mA — my + mAu+m?2Ap)?2 -’
This is the bound on |a,, 1| asserted in (25).
Next, in order to find the bound on |a,,, 1|, by subtracting (34) from (32), we get

4m(1 4 2mA — 2mp + 2mAp+4m?Ap)ag, 4 —
2m(m + 1)(1 + 2mA — 2mp + 2mAp+4m?Ap)az .1 = (1 — B)(Qzm — P2m)

|am+1| <

or, equivalently,

a _ (m + 1) a2 (1 - B)(qu - pZm)
Al T T T 4m(1 4 2mA — 2mp + 2mAp+4m2Ap)
Then, in view of (36) and applying Lemma (1) for the coefficients p,,, P2m, qm and q,,,, We have
2(m+1)(1 - B)° (1-p)

< .
lazm 1] < m2(1 4+ mA — mp + mAp+m?A)?2  m(1 + 2mA — 2mp + 2mAp+4m2ip)
This completes the proof of Theorem (2).
If we set u = 0 in Theorem (1) and Theorem (2), then the classes My (A, w; o) and My (A, p; B) reduce to the

classes My (A; o) and M (A; B) and thus, we obtain the following corollaries:

Corollary 1. Let f(z) given by (4) be inthe class My (L) (0 <a <1; 0 <A <1).Then

Copyright to IJARSET www.ijarset.com 10406


http://www.ijarset.com/

ISSN: 2350-0328
International Journal of Advanced Research in Science,
Engineering and Technology
Vol. 6, Issue 8, August 2019

2a
V2am(m + 1)(1 + 2mA) + m(m — ma — 2a)(1 + mA)?

|am+1| <

and
| < 2(m + Da? N o
d2m+1] = m2(1+mA)2  m(1+2mA)’

Corollary2. Let f(z) given by (4) be in the class My _(A;8) (0<B<1; 0<A<1).Then

laml < J 20 -8

m(m + 1)(1 + 2mA) — m(1 + mA)2
and
2(m +1)(1 - B)* (1-p)
|32m+1| < 2 2 .
m?(1 + m}) m(1 + 2m})
The classes My (A; ) and My (A; B) are respectively defined as follows:

Definition 3. A function f(z) € X, given by (4) is said to be in the class My (L) (0 <a<1;0<A1<1) if the
following conditions are satisfied:

A2 (z) +2f (z) \ ] am
arg <7\zf'(z) T (1= x)f(z)) P<7 @el)

and

< aw?g” (w) +wg' (w)
ar 7

g W) + (T = Dgw)
where the function g = f~1 is given by (5).

AT
>| < 7(W e ),

Definition 4. A function f(z) € X, given by (4) is said to be in the class My (A;B) (0<B<1;0<A1<1) ifthe
following conditions are satisfied:

( 2% (2) + zf (2)
e

"t @) + (1= A)f(z)) >p ey

and

< Aw?g” (w) +wg' (w)
(S 7

Awg (w) + (1 —=Dg(w)
where the function g = f~1 is given by (5).

If we set p=0andA = 1in Theorem (1) and Theorem (2), then the classes My (A, w; ) and My (A, w; B) reduce to
the classes K5 and Kzﬁm and thus, we obtain the following corollaries:

>>ﬁ (we ),

Corollary 3. Let f(z) given by (4) be in the class K5~ (0 < a < 1). Then
2a

V2am(m + 1)(1 + 2m) + m(m — ma — 2a)(1 + m)?

|am+1| <

and
| < 2(m + 1)a? N a
dzm41l = m2(1+m)?2 m(l+2m)’

Corollary4. Let f(z) given by (4) be in the class chm (0 <B<1).Then

ol 2(1-PB)
Am1l = fm + DA + 2m) — m(1 + m)?

and
2m+ 1D -B)?* (1-P)
m2(1 4+ m)2 m(1+2m)’

a2m+1| <
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The classes X5 and Kzﬁm are defined in following way:

Definition 5. A function f(z) € X, given by (4) is said to be in the class K3 (0 < a < 1) if the following conditions
are satisfied:

zf” (2) ] am
arg (mﬁ' 1) i< 7(2 € U)

wg' (w)
|arg< g’ ) + 1)

where the function g = f~1 is given by (5).

and

T
< 7(w e ),

Definition 6. A function f(z) € £, given by (4) is said to be in the class Kfm (0 < B < 1) if the following conditions

are satisfied:
R o (@) 1 U
e<f’(z)+ )>B (zel)

<wg” (w)
e

and

. +1> w € U),

2 W) ) B ( )

where the function g = £~ is given by (5).

If we set p = 0and A = 0in Theorem (1) and Theorem (2), then the classes My (A, u; o) and My (A, w; B) reduce to
the classes S5 and Sfm and thus, we obtain the following corollaries, which were proven earlier by Altinkaya and

Yalgin [1].

Corollary 5. Let f(z) given by (4) be inthe class S5 (0 < a < 1). Then
2a

la | < ———
mtt mva+1

2m+ Do?  «

and

lazm+1] < 2

Corollary6. Let f(z) given by (4) be in the class Sfm (0<B<1).Then

2(1 —
el < 200
and
2 + 1)1 - B)? 1-
gl < 2 DA R, QB

For one-fold symmetric bi-univalent functions, Theorem (1) and Theorem (2) lead us to Corollary (7) and Corollary (8),
respectively, which were proven by Keerthi and Raja [10], where the classes My (A, w; o) and My _ (A, w; B) reduce to
the classes My (A, ; @) = By (o, A, ) and My (A, 15 B) = Ny, (B, A, W), respectively.

Corollary 7. Let f(z) given by (1) be inthe class By (o, A, ) (0 <a<1;0<u<A<1). Then

2a
la,| <
27 JAa(l + 2h— 20+ 6A) + (1 — 3c)(1 + A— p + 2Ap)?

and

| < 4a’ N «

Bl a—p+200? (L +2h—2p+ 600
Corollary 8. Let f(z) given by (1) be inthe class Nz (B,A, 1) (0<B<1;0<u<A<1). Then
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2(1-B)
+4r—4p+1200) — (1 + A — p+ 2Ap)?

lay| <

s < 4(1 - p)? 1-pB)
T A4+ A—p+22a0? A +2A—2p+6Ap)°

Remark. For the case of one-fold symmetric bi-univalent functions,

Putting u = 0 in Theorem (1) and Theorem (2), we obtain the corresponding results given by Keerthi and Raja
[10].

Putting u = 0 and A = 0 in Theorem (1) and Theorem (2), we obtain the corresponding results given by Li
and Wang [13].

Putting u = 0 and A = 1 in Theorem (1) and Theorem (2), we obtain the corresponding results given by
Murugusundaramoorthy at el. [14].
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