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ABSTRACT: In the numerical solution of the Navier-Stokes system of equations, this system is represented as a
system of equations for the current function and vortex. Moreover, the resulting system belongs to two types: an elliptic
equation for the current function and a nonlinear parabolic equation for a vortex.

The main purpose of this article is to develop an efficient and high-precision numerical algorithm for joint solution of
the current function and vortex equation, as well as to construct and study the behavior of the current function level line
and vortex in a wide range of time variation.

The upper relaxation iteration scheme is compared with the simple iteration scheme in terms of the number of iterations
to obtain the required accuracy. Show the efficiency of the applied method and the rather fast convergence of the
iterative solution to the exact one in comparison with the simple iteration method.

For the numerical solution of the current function equation, a number of methods, both direct and iterative, have been
developed. However, the question of the effectiveness of these methods remains relevant. In this paper, the equations
for the current function are solved using an iterative upper relaxation scheme. The performed numerical calculations
show the effectiveness of the applied method.

The nonlinear parabolic equation for a vortex is approximated using two implicit difference schemes: both according to
the Peasman-Reckford scheme and according to the Douglas-Reckford scheme. The results of calculations carried out
according to these schemes illustrate that the Peasman-Rekford scheme has high accuracy. For numerical simulation of
the Navier-Stokes equations in the vortex-current system, alternating direction methods (Peasman-Reckford and
Douglas-Reckford) and the iterative upper relaxation method are used. A large-scale computational experiment was
carried out using the trial function method. Comparison of the selected trial function with the obtained difference
solutions at the grid nodes, the level lines of the current function and vortex are plotted at different times. Based on
these results, graphs are plotted and numerical results are presented. The obtained numerical results show the efficiency
and high accuracy of the Peasman-Reckford difference scheme when used together with the iterative upper relaxation
scheme for numerical simulation of the Navier-Stokes equations in the “vortex-current” system.

KEYWORDS: the Navier-Stokes equations, "vortex-current" system, the alternating direction method, scheme of
Peasman-Reckford, scheme of Douglas-Reckford, the iterative upper relaxation scheme

1. INTRODUCTION

To date, there are numerous studies devoted to the numerical simulation of viscous incompressible fluid problems
based on two-dimensional Navier-Stokes equations in the "vortex-current™ system.

Despite this, the issue of the effectiveness of the application of certain methods for numerical modeling of the above
problem is urgent.

In [1], a method was proposed for solving the Navier-Stokes equations in natural variables. The method is based on the
joint solution of the equation of motion and the equation of continuity with the use of finite difference approximation in
[2], a numerical method for solving the Navier-Stokes equations of a viscous incompressible fluid (in physical
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variables) is proposed, supplemented by the equations of heat conduction. When constructing it, an approximate
factorization scheme is used with the splitting of the original operators into physical processes in a special way. In [3],
a new approach to calculating pressure was proposed when solving the complete Navier-Stokes equations in the
"velocity-pressure” variables on structured grids. The method is based on the use of integral forms of the equation of
continuity and pressure decomposition, on the basis of which an auxiliary problem is formulated.

In [4], the complete system of Navier-Stokes equations in the velocity-pressure variables is solved by the numerical
finite difference method for the case of a viscous incompressible fluid. The discretization of the original equations is
implemented in spaced grids. In [5], algorithms for the numerical solution of the Navier-Stokes equations using high-
performance computing technology, such as multiprocessor systems with distributed memory and graphics accelerators,
are presented. In [6], the efficiency of an implicit iterative nonlinear recurrent method for solving systems of difference
elliptic equations, arising in the numerical simulation of two-dimensional flows of a viscous incompressible fluid, is
analyzed.

The work [7] is devoted to the study of numerical methods for solving the Navier-Stokes equations in variables "stream
function-vortex". To solve the corresponding linear grid equations, a standard library was used, which contains an
efficient parallel LU decomposition of matrices for solving systems of linear equations with expanded matrices.

In contrast to these works, in this work for the numerical solution of the "vortex-current” system of equations, methods
of alternating directions (the Pismen-Reckford and Douglas-Reckford schemes) and the iterative method of upper
relaxation are used together. In this case, the vortex equations (1) are approximated with two schemes, both Peaseman-
Reckford and Douglas-Reckford, and equation (2) for the stream function is solved using the iterative upper relaxation
method. The numerical results obtained by the Peasman-Reckford and Douglas-Rekford schemes are compared. The
efficiency and high accuracy of the application of the Peasman-Reckford scheme with a combination of the iterative
upper relaxation scheme for the numerical simulation of the Navier-Stokes equations in the "eddy-current™ system is
illustrated.

Il. MATERIALS AND METHODS
A. Formulation of the problem.

In Cartesian coordinates, the system of Navier-Stokes equations in the form of "vortex-current” is written as

follows [8].
2 2

do fody _tody_ [0 00| oxy), &)
ot X oy oy ox o2 oy
oy 0

"2’+ ‘i’:_w, )
ox* oy
N_y Ny G ®
oy OX oX oy

Here, X, Y - spatial coordinates, t -time, U and V - projection of the velocity vector on the coordinate axis,
v - coefficient of kinematic viscosity, - stream function, ® - vortex function, Q - known function.

For system (1) - (2) in the domain 5:{(x, y,t)€[0,1]x[0,1]%[0,T]} , we set the following boundary

conditions:
8\4/ 6\V
:O’ = :O’ A :01 - :0, 0< Sl, 4
WlX:O Wlx_l ax o ax . y ( )
\Jr[|y:0=O, |y:1=0' 8_\|/ :0, a—\ll :O’ OSXSL (5)
ay x=0 ay x=1
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the initial conditions at t =0 are as follows:
v(0,x,¥)=0, ®(0,x,y)=0. (6)

B. Finite difference approximation.

In the domain 5, we introduce a uniform grid in spatial coordinates X, Yy

ﬁhz{xizih, yj=jh, 0<i,j<N, hzﬁ} and a grid by time t ﬁTz{tkzkr, k=0,1,...M}, where
=T /M.

The system of differential equations (1), (2) is approximated on a difference grid Q=0nxQ..

For the numerical solution of the vortex equation (1), we apply the method of alternating directions (the
Peasman-Reckford scheme and the Douglas-Reckford scheme) [9]. It is known that both schemes, since implicit

schemes are absolutely stable. The Peasman-Reckford scheme has an approximation error e(r2 + |h|2), and for

the Douglas-Reckford scheme the corresponding error 9(t+|h|2) , where |h|2 =h’+hZ, h, h, aregrid steps in
the variables X and Y, respectively.

At first, equations (1) are approximated by the longitudinal-transverse difference scheme or the Peasman-
Reckford scheme. In this scheme, the transition from layer k to layer k +1 is carried out in two stages. At the

first stage, intermediate values of oa"”/ are determined from the following system of equations

k+1/2 k k+1/2 k+1/2 k K k K k
; j]/ 05 (’3.:1]/1 — O JrZI.J/j \Vu i1 " Vi O 790550 Vi ~ Vi _
0,57 2h 2h 2h 2h
V (k12 k+1/2 k+1/2 v k
= F(mljllﬁ 2('0 H/ + Jrlj/j )+F((Di,j+l 20) + ('OI j 1)+ Q( k+]/2’X| ) y|) (7)

i,j=12,.,N-1k=01..,M -1,

and at the second stage, using the found values of oasz the values of oa'“l are determined from the system of
equations
k+1 k+1/2 k+1/2 k+1/2 k k+1 k+1 k
('Oij —w; H/ 4 mI:ll/J — O +11/J \III j+1 Wi,j—l _ (Di,}rl |J; 1 “III+1J \Vi—l,j _
0,5t 2h 2h 2h 2h
_ Vi ok k 1/2 k+1/2 k+1 k+1 k+1
_F(wi;,J — 201 + Y )+F(mi;+l 20 + 0 )+ Qb1 X V1), 8)

i,j=12,...,N-1k=01..,M -1.

As noted above, the Douglas-Rackford scheme can be used to solve the vortex equation (1). The system of

difference equations obtained according to this scheme have the form:

K42 K K+1/2 k+1/2 K K k K K
w; j]/ — 0 N ('Oi+l],/j - 1]/1 ‘Vl i1 " Vi O T O Vi — Vi _
T 2h 2h 2h 2h
V (kw2 k+1/2 k+1/2 Vo
:F(mijﬁ - 20f ”/ + o *1]/1 )er(miyj+1 20 | +03I J 1)+0 5Q(te: X Y; ) (9)

i,j=12,..,N-1k=01..,M-1,
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K key2 kel kel K k
;] _('Oi,;]/ _(Dijﬂ_mi;—l Vi ~ Viaj _L( kil oo kel ki )_
. 2h 2h T T
Vo ok K K
_F(mi,ju _Z(Di,j +(Di,j—1)+0!5Q(tk+1'Xi'yi)! (10)

ij=12,..N-1k=0.1,..M-1.
The algorithm for solving the system of difference equations to (9), (10) is similar to the above algorithms of

the Peasman-Reckford scheme.

Equation (2) for the stream function is approximated by the following difference scheme

\V:(:f, - Z\V:(j'l + W:(—Jrllj \V:(ﬁl - Z\Vikj1 + \V:(il ok
oz + ? =—@; or
wia HE b i Al
h? ! (11)
i,j=12,.,N-1k=01..,M-1.
Equation (3) is approximated as follows
k+ k+ k+: k+

U = \Vi,jil _Wi,jl—l Ve \Vi+11,j - \Vi—ll,j

ij 2h ! L] 2h (12)

i,j=12,..,N-1k=01..M-L1.
11l. RESULT AND DISCUSSION.

Let us rewrite the equation (11) in the following convenient form for applying the method of simple iteration [10]

k+l,s+1 _ |  k+ls
Vij =Vt (13)
where
k+1,s k+1,s k+1,s k+1,s 4 k+1,s h2 k+1
Vi tWigj TWiju Vi —4V; tNW
i = . (14)
4

The convergence rate of iteration is improved by using the sequential upper relaxation method [11]. The sequential

over relaxation method uses the following iterative scheme

k+1,s k+1,s k+1,s k+1,s 4 k+1,s h2 k+1
koissd | keds g Vi TV TViju TVija 4V, Thw k+1s

i Wij

=y.  +9r, 15
2 ' (15)

where the parameter 3 belongs to the region 1< 8 < 2. The optimal choice of the parameter 3 depends on the
eigenvalues of the iterative matrices for linear systems and for the problem under consideration is given by the

following formula [11].

2+, [4—4cos’ "~ 242 [1-cos’ —— L+sin=
N -1 N -1 N-1
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The solution of the difference equations for the stream function (11) by the simple iteration method, the number of
iterations n, (8) required to achieve a given accuracy ¢ is determined by the formula [12].
2In(Ye)
o (&)= (16)
the corresponding number of iterations for the upper relaxation method is:

MS)%%- (17)

If £¢=10"°, h=0.05, the number of iterations N, (&) calculated by formulas (16), (17) are approximately equal to

560 and 88. It is seen that to solve the vortex equation it is advisable to use the method of successive upper relaxation.
Let us describe in detail the algorithm for solving difference equations (7), (8) by the upper relaxation method.
First, equation (7) is reduced to the standard form

~ k2 = k+2 = k+l)2 =k
AO‘)i—l,j _Cio‘)i,j +Bi0‘)i+l,j :_Fi,j’ (18)

i,j=12...N-1k=01..,M -1.

where

— v 1 K k = k

A :015T|:h_2_E(Wi,j+l_\Vi,j—l)jl’ B, ZO’ST{h ah (\V. j+l \Vi,j—l)}’
— v —K Kk 0,5tv/ «

Ci:l—i—F, Fi,j:mi,j"'T(@i,ju 2('0 +('0Ij 1)+

04?1T(m:(,j+1 :<J 1)(WI+1J W:ilyj)dl—Q(tkﬂ/Z'xi'y‘)'

Difference equation (18) is solved by the sweep method, while O( N 2) arithmetic operations are spent to determine

the values of (o:(jwz at all nodes of the difference grid [13].

After all mFWZ are found, the difference equation (8) is solved, reducing it to the standard form:

k+1/2

AJ(DI i1 CJ(DIJ + BJ(DI J+1 FIJ , (19)
i,j=1,2,.,N-1k=01,...M -1,
where
v 1/ « K 1 k

Aj :O'ST{F_E(WLP& _\Vi,j—l):|’ Bj :05T|:h 4h (Wl j+l Wi,j—l):|’
C -1 v K+1/2 k2 0,5tV ke K+1/2 K+1/2

i =it |:Ij =0 t— ( P41, j -2 i i—l,j)+

h h
0 5t/ w2 kv
4h ((Di+1,j - —1] )(WI j+1 -V j—1)+Q( k+11 |7y )
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To find all oa:j.+1 by equation (19) by the sweep method, O(N 2) arithmetic operations are required. For comparison,
note that the solution of the two-dimensional implicit scheme for the vortex equation using the Gauss method requires
o] ( N® ) arithmetic operations.

Equations (15), (18), (19) are supplemented by the boundary conditions

vie =0, yiy=0 i=01.,N k=01..,M-1. (20)
0; =0, wy;=0, j=01.,N k=01..,M-1. (21)

and to determine the values of the vortex at the boundary grid nodes, Woods conditions are used [14]:

k+1 k+1

oy oy 3(\1’:(,0 _\ll:(,l) oy O N1 _ 3(\V:(,N _\II:(,N—l)

i,0 2 hz ! i,N 2 hz '
(22)
. k k N k k

kil (D;J-l 3(‘l’o,j _\Vl,j) kil 0):(\,711']- 3(\VN,j _\VN—l,j)

0j t = 3 ' Oy + = 2 ' (23)

' 2 h ’ 2 h

The systems of difference equations (18), (22) and (19), (23) are solved by the sweep method.

Let us present an algorithm for solving the boundary value problem (18), (22) by the sweep method:

=G o By 1=N-LN=2,.,10, (0< j<N) k=01..,M -1 (24)
_ B - AB+F . .
oy==———=—,By==—=",1=12,..,N-1 (0<j<N),k=01..,M-1 (25)

C -Ag C -Ag
k k
K+l/2  —  kel2 = k+1/2 1 «an 3(\”01 _le)
0j =00 +B, g :_E(’Ol,j 2 '
h
(26)
k k
— = 3(\"01 \Vlj) .
a,=-05 B = 7 . (0<j<N),
K+1/2 k k

Y2 oN B 3(‘VNJ _\VN—LJ) @7

N, j = ,

J 2 h2

k+1/2 _— k+1/2 =

ON_gj=0NoN ] +BNs (28)

Substituting (28) into (27), we obtain expressions for determining the value of w',;fljlz at the boundary grid node, i.e.

fori = N:

k K
k+l/2 S(WNJ _WN—lJ)

NGO h2

-0,5B, | /(1+0,5a, ), (29)
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Now we present an algorithm for solving the boundary value problem (19), (23) by the sweep method:
k+1

o =00 J+1+Bj+1, =N-1,N-2,..10, (0<i<N), (30)
B AB k+1/2

o =—d g =TI W i_12 N-1 (0<i<N), 31

j+1 Cj —AjOtj BJ+1 Cj —Aja,- J ( ) ( )

k+1 k+1 k+1

W =00, +B;, o, =-0,9m;, "‘3( \Vll)/hz-

K K 2 (32)
0, =-0,5 B, =3(vis-vi; /h . (0<i<N),
er1+05 :{:\111—3 \VlN ‘VlNl/h (33)
k+1 k+1
O Ny = Oy O +I3N7 (34)

Substituting (34) into (33), we obtain expressions for determining the value of 03:(;,1 at the boundary node j=N

3(\Vk _Wk )
" i,N i,N-1
O = T—O,SBN (140,50 ). (35)

IV. CONCLUSION.

We present the results of numerical calculations for solving the Navier-Stokes equation based on the above methods.
To solve problem (7) - (12), the longitudinal-transverse method (Peaseman-Rackford and Douglas-Rackford
schemes) and the iterative method of sequential upper relaxation were used. The grids are selected as follows:

h,=h,=0.05, v=1, 1=0.001. The computational experiment will be carried out by the trial function method. If

the differential problem has an exact stationary solution \y(x, y) =sin® nxsin® my , then an expression for the function

Q(x,y) and ®(x,y) can be obtained [14]. From the current equation (2) we obtain the formulas for the function

o(X,y):

Oy Oy
o(x¥)=~F 5y (3)
Find the derivatives
0%y

Eva 21% €os 2nxsin® my, =21° cos 27y sin® mx.

ayz
Supplying the found derivatives in (36), we obtain the following formulas for the function co(x, y) :
(X, y)=2n"(4sin® nx sin” zy - sin’ nx —sin’ my ).
In the stationary case, from the vortex equation (1) for Q(X, y) we have

2 2
Qxy) - 00y d0dy [am % )

X oy oy Ox ox? +ay2 (37)
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Putting (36) into (37), we obtain the following expression for Q(x, y)
Py Py o Oy 0y o
Q(xy)=[ DY+ TN [Ty Ty
ox® oxoy® )oy \oxoy oy° )ox
4 4 4
-V a\f+2 82w2+8\‘|1/ .
OX ox-oy. oy

(38)

We put the partial derivatives of (X, y) in (38) and obtain the final expression for the function Q(X,y):
Q(x,y)=8r" {Scfc§ -3¢’ -36. +1+6,6,6,0, [Gg (4G§ - 3) -o? (4(5421 - 3)]} ,

o, =sinnX, o, =SiNTy, 6, =COSTX, G, =COSTY.

Figures 1 and 2 show the level lines of the stream function and vortex based on calculations of the exact solution

and numerical results.
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Figure 1. Stationary solution of the stream function \V(X, y) and the numerical solution of the stream function

\u(tk ' Xir Y j) according to the Peasman-Rackford scheme (a); stationary solution of the vortex function w(x, y) and

numerical solution of the vortex function (o(tk VX yj) according to the Peasman-Rackford scheme (b).
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The methods of Peasman-Rackford and Douglas-Rackford were used to solve the problem. Comparison of the
calculation results shows that the numerical solution obtained by the Peasman-Rackford method is close to the exact

solution, in comparison with the Douglas-Rackford method. Therefore, for the numerical solution of the Navier-Stokes
equation system, it is advisable to use the Peasman-Rackford method.

a
t=0.76, y (t. x, y) numerical solution according
w{x, y) stationary solution to the Douglas-Rackford scheme
1 1
09 4 09 2
—0.14288- 14519
PR — \ 2 A\ s ——
08 P 25 \28574_ N 1 08 o 02503 L %
o7 oA 513 9. N X [ AT oA cams 2 \
07 / 2, . 8 R 07 / 2 A
/ 2z, i 3 / Qpoe %0, N/ R
§ / B 2 & B, \ S
06 z o = i 06 & % %
¥ En / 2 o\ @ I e Lo\ A
= g Gge [ ¢ S \ & s K 8 8o / ¢ ®, e e
=05 TQ.S}E::J 2 )3 1% - -~ 05 T 8883 4 2 )& | ]
4 . / o~ =) - |
| {523 % '3 & \‘ ' o d Jﬂ Y Y =] 3
04 \ o R £ 04 \: X o "”@a J
0% 4 \ . Sﬁ’
03 \ i 09? 03 \ o < $
XS 057143 S \ a2 &
”, 32 a7 ) 2.4, ;
02 a"b‘;. 0285, 57 o oan'“//» 02 b’*(:- s o A
G e = —~
01 Tz 01 014519
0 . 0 -
0 0.1 02 03 04 0s 08 07 08 08 1 0 01 0. 03 04 05 06 07 08 09 1
X X
t=0.76, aft, x, y) numerica solution according
ofx, y), stationary solution to the Douglas-Rackford scheme
1 v 1
1 J T T
% p \ \. |
09 £ 1z 01‘3-‘ g 09 2 Mg ~F"<" ¥ 1
[ 7y - [Fad® ) s
e ~2 81969 —— & — 7
08 ] < 08 2 3.00792— -
; 663977 ", 5 46354 ‘-’%
07f / “7099;{* % % ﬁéf 7 07, 14.065 WY
, ——s, A - = o
sl % 8 = B o sl 2 B e |
1 -~ ™ 4 |
@ o 2 8 / -3
y / x A @ {
=05 §§B 4 % -] =05 n§§k 4 B £
1R = T3 P | 3
04 / 6 - 2 \ 04 / R TN _ § \
" - o
1'15"9 Py Y / | oﬁ.ﬁ‘c’s o -3
03f __ PR S, 03}~ \ & o ~—
g, 140994 & / = \ 4.065 o 2
- 2, 583077 : i Vg 548364
G = 261959 ? 2309792
01 A4 095~ _‘\”2) 0 -'30949 BT R ,@ﬂ}_
e i)
i/ X : [ X
0 01 02 03 04 05 086 07 ik} 09 1 0 0 02 03 04 05 06 07 08 09 1

figure 2. stationary solution of the stream function \u(x, y) and the numerical solution of the stream function
w(tk,xi,yj) according to the douglas-rackford scheme (a); stationary solution of the vortex function (o(x, y) and
numerical solution of the vortex function (o(tk Xio Y ) using the douglas-rackford scheme (b).

For an example of a nonstationary problem, consider equation (1) - (6) with a source Q(t, X, y). It is necessary to
choose Q(t, X, y) so that the exact solution of the vortex equation has the form

v (t,x, y)=tsin? 2nxsin® ry.
After simple operations from the equation of current and vortex using the selected exact solution, we obtain the
exact solution of the vortex and the expression for Q(t, X, y) in the following form:

Q(t,x,y) =8n"t(5005p, — 95 — 240, + 4) —2n* (10039, + @3 + 49, )+
+32n'tg, cosmy ¢, sin’ ny (55 — 3) +16m"t*p, cosy ¢; sinmy(10cos® ny - 9),
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(X, y) = 27°t(10sin’ 2nx sin’ ny - sin® 2nx + 4sin’ my ),
@, =sin’my, @, =sin2nX, ¢, =C0S2nX.

For the selected example, the Peasman-Rackford and Douglas-Rackford schemes are also used. The calculation
results are shown in Figure 3 and 4.
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Figure 3. Exact solution of the stream function \y(t,x, y) and the numerical solution of the stream function

\y(tk,xi,yj)according to the Peasman-Rackford scheme (a); exact solution of the vortex function co(t,x,y) and

numerical solution of the vortex function (x)(tk Xin Y ) according to the Peasman-Rackford scheme (b).
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a)

wit, x, y) numerical solution according to the

; wit. x. y) exact solution for t = 0.4 Douglas-Rackford scheme att =04
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Figure 4. Exact solution of the stream function w(t,x,y) and the numerical solution of the stream function

\V(tk,xi,yj) according to the Douglas-Rackford scheme (a); exact solution of the vortex function co(t,x,y) and

numerical solution of the vortex function (o(tk Xin Y ) using the Douglas-Rackford scheme (b).

It can be seen from the numerical results that here it is also expedient to use the Peasman-Rackford schemes to
obtain a numerical solution.
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