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ABSTRACT: In this paper we deal with an inventory management theory for deteriorating items with power law form
of time dependent ramp type demand function and shortages which is fully backlogged. Also we assume that the
lifetime of the commodity is random and follows additive exponential distribution. This model is very useful in
situation arising at places like fruit and vegetable markets and food processing industries etc. in which the lifetime of
the commaodity is the sum of two components namely natural lifetime and extended lifetime due to cold storage or
chemical treatment. Lastly the model is illustrated with the help of a numerical example and the sensitivity of the
optimal solution towards the changes in the values of different parameters is also studied.
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I. INTRODUCTION

The classical inventory model of HarisF[1] considers the idea care in which depletion of inventory is caused by a
constant demand rate alone. But subsequently, it was noticed that the depletion of inventory may take place due to
deterioration also. Deterioration is defined as decay or damage such that the items cannot be used for its original
purpose. Like hardware, glassware etc, the rate of deterioration is so small so that there is hardly any need to consider
its effect. Many researchers like Ghare and Schrader [2], Goel et al[3], Shah [4],Silver E.A [5], Datta and Pal [6]etc
names only a few. Several researchers like Covert and Philip [7], BiswaranjanMandal[8] have approximated the
lifetime of a commodity as exponential or as two parameter Weibull distributed. In this paper my development based
on the assumption where the lifetime of the commaodity is random which is sum of two variables namely natural life
and extended life. This extended life of commodity occurs mainly due to cold storage facilities, humidity, chemical
treatment etc. So the lifetime of the commaodity is to be approximated with an additive exponential distribution having
the probability density function of the form

t t
eh—e?
f(t)zwiel >6’2andt2 0.

Very recently BiswaranjanMandal [9] developed an inventory model in this field.

The assumption of constant demand rate is not always appropriate for many inventory items. The works done by
Donaldson [10],Mandal[11], Ritchie [12], Pal and Mandal [13] are to be mentioned regarding time dependent demand
rates. In the present paper, efforts have been made to analyze an inventory model assuming demand rate in a power law
form of ramp type function of time. Such ramp type demand pattern is generally seen in the case of any new brand of
goods (as Boroline, Dettol, Nirma washing powder, Maruti-800 etc.) coming to the market. The demand rate for such
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items increases with time (in the present model we have assumed a linear trend)up to certain time and then ultimately
stabilizes and becomes constant. It is believed that such type of demand rate is quite realistic [cf. 14].
For these sort of situations, efforts have been made to analyse an inventory model with additive exponential lifetime

and a power law form of ramp type demand function of time allowing shortages which is fully backlogged. Finally a
numerical example has been presented to illustrate the theory and sensitivity study of the optimal solution to changes in
the parameters has been examined and discussed.

I1LASSUMPTIONS AND NOTATIONS

The fundamental assumptions and notations used in this paper are given as follows:

Replenishment size is constant and replenishment rate is infinite.
Lead time is zero.
T is the fixed length of each production cycle.

C,, is the inventory holding cost per unit per unit time.
C, is the ordering cost/order.

C, is the shortage cost unit per unit time.

TC is the average total cost per unit time.
The instantaneous rate of deterioration of the on-hand inventory is

t t
a g
ot)=———° 9>0,;t>0
Oe % -0 *

(xi). The demand rate R(t) is assumed as
RO=aflt—(t—H - )] ", f>0
Where the well knownHeavisides” function H (t — ) is defines as
1, whent> u
H(t-u)={
0, whent< u

(x). Shortages are allowed and fully backlogged.
(xii). There is no repair or replacement of the deteriorated items.

I1l. MODEL DEVELOPMENT

Let Q be the total amount of inventory produced or purchased at the beginning of each period and after fulfilling
backorders let us assume we get an amount S(>0) as initial inventory. Due to reasons of market demand and

deterioration of the items, the inventory level gradually diminishes during theperiod ( 0, ;) and ultimately falls to zero

at t = {,. Shortages occur during time period (t;, T) which are fully backlogged. Let I(t) be the on-hand inventory at
any time t. The differential equations which the on-hand inventory I(t) governed by the following :

di (t)

SOOI =-RO.0<t <t
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di (t)

The initial conditionis 1(0)=S and 1(t)=0 ©))
t t
e b _g
Putting the values of &(t) = - — and R(t) = [t — (t — w)H (t — )17, we get the following

(assuming u <t))

diry, e e

” — — 1) =—aft’ 1 0<t< (4)
Oe % —0,e *
too_t
di (t et —e? _
di) — 7il(t):—aﬁyﬁl,yﬁt£t1 (5)
e *—0e *
And % =—afu’ L <t<T (6)

Now solving the equations (4), (5) and (6) using the initial condition (3) and neglecting the higher powers of

1 1
—and — , we get
0, 6,
2 t/+2
)= SA- —a(tf ———— <t< 7
®=S( 29192) ( 06,5+ 2)) u ()
t? t° t?
) = g’ (t, —t——2 t< 8
O=apu” 200, 309 609)ﬂ t ®)
And I(t) = aBu”(t, —t), t, <t<T 9)
From the equations (7) and (8), we getthe following neglecting higher order terms of iand i
1 2
1) aff 4.
S= g(l— s ap pa__ap(p+l) af(p+ /31t+ -1, 3 10
a(l-B)u —39192;1 200,(5+ )~ +afu 600# 4 (10)
The number of items backlogged at the beginning of the period is
T
Q-s= j afu” dt
or, 1— oy af  pa af(B+1) aﬂ(ﬁ"‘) pAT 4 apf s 10
r Q=al-pAu 206" " 200,+2)" +apfu 600, " t;* (using (10))
(11)
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Therefore the average total cost per unit time is given by

TC(St)-CQ ?_Il(t)dt _I_jl(t)dt

4

TQ G [j |(t)dt + j I(t)d] - == j 1(H)dt (12)

Now substituting the expressions for Qand I(t) given by the equatlons (12), (7), (8) and (9), then eliminating S and

1 1
integrating we get( neglecting the higher powers of —and — ) the following

1 2
IB B+l aﬁ(ﬁ+ ) -1 3
TC(,) = & 1- t oo - T+——
W) = Pla@- Pl gy i g g™ P 699 W]
h[ ﬂlu'gt1 'B 2t ﬂﬂ/)’tf_a_ﬁzﬂﬁﬂ_ ap(f+2) s
699 1 66,6, B+1 36,0,(8+3)
"G (7 — )+ (4~ Y
699 1296?
C,,af 5.1 5
T (Tt 13
T 1)) w3
For minimum, the necessary condition is dT(j:tl(tl) =0
This gives G, P+ G t?+(C,+C ), -CT =0
36,6, 26,6,
or, Lt + Mt> + Nt, +O =0 (14)
where L = C, —CT
36?0 26?49

Since L>0, M >0, N >0, O< 0, then there must exist one positive real root of the equation.
d*TC(t,)
dt,?

1

For minimum the sufficient condition >0 would be satisfied.

Let t, =t," be the optimum value oft, .

The optimal values Q" of Q, S of Sand TC” of TC are obtained by putting the value t, =t," from the
expressions (11), (10) and (13).
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IV. NUMERICAL EXAMPLE

To illustrate the developed inventory model, let the values of parameters be as follows:
C,=95 C, =%$10; C,=$2; 0,=5; 6,=3; o =100; f=15;u=0.12 year; T =1 year

Solving the equation (14) with the help of computer using the above parameter values, we find the following optimum
outputs

t, = 0.17year; Q" = 49.90 units; S~ = 6.57 unitsand TC” = Rs294.46
It is checked that this solution satisfies the sufficient condition for optimality.

V. SENSITIVITY ANALYSIS AND DISCUSSION.

We now study the effects of changes in the system parametersC_,C, ,C,, 6,, 6,, a, B and u on the optimal total

cost (TC*), optimal ordering quantity (Q*) and optimal on-hand inventory (S*) in the present inventory model. The
sensitivity analysis is performed by changing each of the parameters by — 50%, — 20%, +20% and +50%, taking one
parameter at a timeand keeping remaining parameters unchanged. The results are furnished in table A.

Table A: Effect of changes in the parameters on the model

Changing parameter % change in the system parameter % change in
Q* 5" TC
-50 0.000018 0.15 -42.36
C -20 0.000026 0.06 -16.94
0 +20 -0.00008 -0.06 16.94
+50 -0.00002 -0.15 42.36
-50 0.02 92.82 -0.16
C, -20 0.004 26.11 -0.01
+20 -0.002 -18.70 0.02
+50 -0.003 -38.53 0.16
-50 -0.004 -59.65 -1.72
C -20 -0.002 -22.61 -3.07
s +20 0.003 21.14 3.05
+50 0.008 50.40 7.57
-50 0.03 -0.11 0.02
0, -20 0.008 -0.03 0.006
+20 - 0.006 0.02 - 0.004
+50 -0.01 0.04 - 0.008
-50 0.03 -0.11 0.02
0, -20 0.008 -0.03 0.006
+20 - 0.006 0.02 -0.004
+50 -0.01 0.04 - 0.008
-50 - 50 - 50 -50
a -20 -20 -20 -20
+20 20 20 20
+50 50 50 50
-50 165.57 300.30 163.62
Jij -20 54.27 75.01 54.00
+20 -37.36 -43.17 -37.29
+50 -70.27 -75.86 -70.21
-50 -27.83 -18.23 -27.30
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y2 -20 -9.82 - 4.97 - 9.54
+20 8.64 2.71 8.28
+50 19.96 341 18.89

Analyzing the results of table A, the following observations may be made:

(i)

(i)

(iii)

Q* increases or decreases with the increase or decrease in the values of the system parameters C,, ¢ and s .
On the other hand it increases or decreases with the decrease or increase in the values of the system
parametersC_,C, , &,, 6, and 3. However Q" is very highly sensitive to changes in the values of &, /8 and

4 whereas it has low sensitivity towards changes inC,, C,, C,, 6, and 6,.

S increases or decreases with the increase or decrease in the values ofthe system parameters C, 6, , 6,,
and g . On the other hand S increases or decreaseswith the decrease or increase in the values of the system
parameters C_, C, and £ .The results obtained show that S is very highlysensitive to changes inthe value
ofC,,C,, ¢, B and u,and less sensitive to the changes of C_, &, and 6,.

TC increases or decreases with the increase or decrease in the values of the system parameters C,.C.C,
and £ . On the other hand TC™ increases or decreases with the decrease or increase in the values of the system
parameters @, , 6?2 and . The results obtained show that TC is very highly sensitive to changes in the value of

C,. C,, a,fand u,and less sensitive to the changes of C, , &, and 6, .

From the above analysis, it is seen that ¢ , f and u are critical parameters in the sense that any error in the

estimation of &, fand w results in significant errors in the optimal solution. Hence, proper care must be taken to

estimate these parameters. Along with estimation of Co needs adequate attention.
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