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ABSTRACT: The problem of solute transport in a two-dimensional inhomogeneous porous medium is formulated and
numerically solved. The filtration rate and hydrodynamic dispersion were set by different ratios, nonlinear. On the basis
of the numerical results, the concentration fields are determined for different values of the model parameters of the
filtration rate and hydrodynamic dispersion.
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I. INTRODUCTION.

The problems of solute transport and filtration of heterogeneous fluids are of great practical importance in
many branches of engineering and technology. Many natural and technological processes are associated with the
filtration of inhomogeneous fluids and the transfer of particles in heterogeneous porous media. In contrast to
heterogeneous fluids that are homogeneous during filtration, a number of new phenomena arise, the study of which is
very important for understanding the mechanisms of the filtration process. Recently, the issues of mathematical
modeling of the processes of transfer of substances have been intensively developed, mainly abroad. In principle,
modeling approaches are based on the law of substance balance in a certain control volume using some additional
phenomenological relationships. The process of solute transport suspended in a fluid in a porous medium is determined
by many factors, such as convective transfer, diffusion, hydrodynamic dispersion, adsorption, deposition in pores, their
release with a transition to a mobile state, etc. Convective transfer, diffusion, hydrodynamic dispersion, local change in
concentration can be described by the mass conservation equation [1, 2].

Il. RELATED WORK

In [3], the problem for a one-dimensional advection-dispersion equation with variable coefficients was solved
using an explicit finite-difference scheme; further, the results were extended to the case of a two-dimensional equation
in semi-infinite media [4]. It is known that dispersion generally depends on the flow rate [5]. In [6], it is believed that
the dispersion is proportional to the nth power of the velocity with an exponent in the range from 1 to 2. Sometimes
the expressions for the velocity and dispersion are written in degenerate form [6]. In the two-dimensional case, the
transport of the solute occurs both in the longitudinal and transverse directions. Significant transport of solute is
observed along the transverse direction even at very low transverse velocity and dispersion relative to their longitudinal
counterparts. This shows that a two-dimensional model is more suitable than a one-dimensional one.

In [7], a mathematical model for a two-dimensional transfer of matter in a semi-infinite inhomogeneous
porous medium is presented. The dispersion coefficient is considered as a linear multiple of the space-dependent
function and filtering rate. The exponentially decreasing relation of the filtration rate is considered.

This paper considers the solute transport in a two-dimensional porous medium, where the dispersion
coefficients and filtration rates are variable in space and time scale.
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1. PROBLEM STATEMENT

Consider a two-dimensional object, the diagram of which is shown in Fig. 1. Let a solution with a certain
concentration be supplied at some point in the (O <x<ow; 0<y< oo) medium. From such a point source, the solution
spreads into the medium in mutually perpendicular directions xand y .

The components of the flow velocity along x and y directions at a given point ofthe field (x, y)WiII be denoted by
u(xt)andv(y,t), respectively. Both of these components satisfy Darcy's law. Across

Fig. 1. Scheme of a two-dimensional medium, x, and y_ are chosen so that it was, ? =0, % =0, respectively [4].
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in the directions xand y [4,5], respectively. Then the linear equation of convective dispersion in the two-dimensional
case can be written in the following form:

wzg(Dx(X,t)%_u(x,t)C(x,y,t)}L )
+%[Dy (ylt)W—v(y,t)C(x’ y,t)}

where C(x, y,t) is the concentration of the solute transported through the medium at a point (x, y) intime t.

In order to solve the two-dimensional advection-dispersion equation (1), it is necessary to set the initial and
boundary conditions.

Initially, let the medium be filled with a clean (no substance) fluid. Starting from the initial moment, from the
point (0,0), solute with a certain concentration is supplied for a certain time t;. At infinity in the directions x and y

the conditions of the absence of solute consumption are accepted. Then the initial and boundary conditions can be
written in the form

C(xy,t)=0, x>0; y>0, t=0, @)
C,, =0, y=0;, O0<t<t
C(x,vy,t)= 0 0 3
(eyt) {0, —0; y=0, t>t, )
LYY oy o LYY o0 150, @
ox oy
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where C, is the concentration of the substance supplied to the medium.

Since the medium is inhomogeneous, two velocity components, i.e. u(x,t) and v(y,t), is considered to be
linear functions of the corresponding coordinates x and y . Moreover, the velocities are considered to depend on t, i.e.

some functional dependence of the velocity component on t is taken into account. Thus, the components of the fluid
velocity are taken in the form [4]

u(xt)=u, f, (mt)(1+ax), v(y.t)=v, f (mt)(1+by), (5)
wherea and b are the parameters of heterogeneity in the longitudinal and transverse directions, fl(mt) is a known

function, m is a parameter, u, =const , v, =const . Different values a and b express different characteristics of

heterogeneity.
It is known that the diffusion (hydrodynamic dispersion) coefficients depend on the fluid velocity. Here the
following dependence is accepted [4]

D, (x,t) =D, f, (mt)(1+ax)’, D, (y.t)=D,, f,(mt)(1+by)” . (6)
where f, (mt) is a given function, D,, =const, D,, =const . It is guaranteed that f (mt)=1 for m=0or t=0.

In (5), (6) the coefficients u,, v, D,, D,, can be interpreted as homogeneous coefficients of the speed of movement
and diffusion coefficients, respectively, in the longitudinal and transverse directions.

IV. NUMERICAL SOLUTION OF THE PROBLEM

System (1) is written as following form
2
aC(x,y,t) :(an (xac(eyt) DX(X,t)a C(x;y,t)J_

ot OX OX OX

_(aug:’t)c(x,y,t)+u(x,t)%}+ )
oD, (y,t) aC(x,y,t) ’C(x,y,t)) [ov(xt) aC(x,y,t)
e B

Using expressions for the velocities of motion (5) and diffusion coefficients (6), equation (7) can be written in
the form

oC(x,y,t . o°C(x,y,t N o°C(x,y,t
(T)z D,,e t(1+ax)z%+ D,.e t(1+by)2%+
oC(x,y,t
+(DX0-2a«(l+ax)e"“—uoe’mt (l+ax))—((;(xy )+ (8)
aC(x,y,t)

+( D,oe™ (1+by)’ —vee™ (1+ by)) - (auoe’mt +bv,e™ )C (x,y,1),

where
u(x,t)=u,f,(mt)(1+ax), v(y,t)=v,f,(mt)(1+by), D,(xt)=Df,(mt)(1+ax)’,

ou i ov m
Dy(y,t):Dyofz(mt)(1+by)2, = = auee " E:bvoe '

ob
D _ D,,-2a(1+ax)-e™, ~=D,,-2b(1+by)-e™.
OX oy

f(mt)=e™, f,(mt)=e™.
The following designations are introduced
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L =D.e™(1+ax)’, L,=D,e™(L+by)’, L, =D,y2a(l+ax)e™ —u, (1+ax)e™,
L, =D,,2b(1+by)e™ —v, (1+by)e™, L;=—(au,+bv,)e™
Using notation (9), we write equation (8) in the form
C(x,y,t C(x,y,t C(xy,t C(x,y,t C(x,y,t
Cluyt) | Feluyy) | Feluyt) | Clyt), | Clyt)
ot ox oy ox oy

—LC(x,y.t).

(10)

To solve equation (10), we use the finite difference method. For this, we introduce the following grid [8]

O, ={(%.¥34), 1=0N, j=0R, k=0,K, x =ih,
. X, Y, T
ijJhZ’ tk=k7’h1=ﬁv hz:?' T=E},

where z, hy, h, are the grid steps in time, coordinates x and y , respectively.

To approximate (10), the Crank Nicholson scheme was used [8]
1

Cl,,—2-C +Cf
L

1
c2-cf, ca-2-c) 2+c
’ —=L

|+1] ij+l
— +
7/2 hlz ’ h;
Ck+1 Ck+% Ck Ck
i) T “i-1,j i+l i1 k
+ +L +L.-C"
. 2-h t 2, G
k+1 k+£ 1 l k+1 k+1 k+1
G -GC;? C ZJ 2C 2+C.+1, Clin—2-C +Ciy
’ —=1 7 2 2 +
7/2 hy hy
k+1 k+l kil K+l
NN R EY Bt S ER IO
4 i

2-h 2-h,

where Cf; is the grid function corresponding to the nodal point (x;,y;.t, ).

It can be seen from (11) that the approximation error for scheme (11) is of the order O(z, b, h7).

The system of equations (11) is written in the form

k+1 k
ALCi—lzj - ij +CCI+1J :_Fli’
Azclk;-ll B Ck+l +C Ck+1 sz’

i, j+1

where

AI:T—L;——T'Lg, Blzl—T.Lz‘f'T.!-l, (:121-.'_1 L3

2h;  4h 2 K 2h  4h

T-L k k 7-L k k
Fli :#(Ci,j—l 2- C +C| ]+l) ﬁ(ci,jﬂ Clj 1)+C

A 7]

Azzz'-l_zA_r-Lz’ Bzzl_r'LS_Fz'-lz_Z, c,- z'l_2 ‘r-L4,

2h, 4h, 2 h, 2h, 4h,

1 1 1 1 1

Ry = TZhlLl (Ck zl_z'ck : +C'*“j T4Ih:3 [C'*lzl Cklvzj}rcilsz'

We use the following relations to solve (12) by the sweep method
1 1

k+= k+
2
Ci,] all J+1C| j+1 +ﬁll j+1
1
CK =a,,, Crsd +
i = @is Vi ﬂz,m,j’

where a; .y, By a1 @i » B are coefficients of Thomas’ algorithm
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Then from (12) we obtain the following recursive formulas for the coefficients of Thomas’ algorithm.

_ C, R Abi;
a1i+1,j _B_—’ ﬂ1i+1,j __—’
— Ay B -Aa ; (15)
C Fi+ ALy
Qi i :_—2: ﬂzi,jﬁ :%-
B, —Aay B, —Aua,

The initial condition in the difference form is
C’; =0, x=0; y>0; t=0. (16)
From the boundary conditions we have
k+1 _ k+1 —
Co i :(0‘1),41 Co,jiﬁ'(ﬂl)m’ (17)
Cilfgl = (0_‘2 )M Cil:,lo + (Bz )i+1 )
from which we obtain

Ck+%: (/Bl)i,R : CE+}.: (ﬂZ)N'j

a 1_(a1)i,R ’ 1_(a2)N,j

2 (&2)i1
where
AN T o e

2h12 2h, v B2 + hlz 2 2 = 2hl2 oh
M, =Dye™ (1+by)"; M, =(1+by)(2bD,,e™ +v,e™);
M, = —(au, +bv, )e™; D,e™ (1+by)’;

N, = D,y (1+ax) e™; N, =(1+ ax)(ZaDXoe”1t +uoe‘m‘); N; =—(au, +bv, )e™.

V. RESULTS

Some numerical results are shown in Figure 2-5. The calculations used the following values of the initial
parameters:
D, =2-10°M’/c; D, =10° M’/c; U, =4-10° m/C; v, =2-10° m/c; a=10"m"; b=10"m"; C, =0.01.
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b)

Fig. 2. Concentration profiles for the exponential form of the functions f,(mt)and f,(mt) at t=9000c (a); 18000¢
(b); 36000c¢; (c).
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Fig. 3. Concentration profiles for exponential form functions fl(mt) and fz(mt) at t=36000c m=10"° (a);
m=10" (b);m=10"° c¢™*; (c).

As can be seen from Figs. 2, 4, with increasing time t, concentration profiles propagate over the region in both
directions, i.e. xand y . In this case, the profiles propagate more intensively in the direction x , because values

u, and D,, more than values v,and D, . This situation corresponds to the case when both convective and diffusion
directional transfers x are significantly ahead of the corresponding directional transfers y . However, other situations
are also possible when both types of transport along the directions can have different intensities.

VI.CONCLUSION

The problem of material transfer in a two-dimensional porous medium is formulated and numerically solved. It is
shown that the concentration propagation at a certain position is higher for the smaller parameter m and lower for the
larger parameter m .
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