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ABSTRACT: In continuation to the three definitions of average developed by Pythagoras namely Arithmetic Mean
(AM), Geometric Mean (GM) & Harmonic Mean (HM), a number of definitions of average had already been developed
along with some generalized definitions of average. Recently, two general methods have been derived; one for defining
the average of a variable and the other for defining the average of a function of a variable. This paper is based on a brief
review on the development of these two general methods of defining average.
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I. INTRODUCTION

Several research had already been done on developing definitions / formulations of average [1, 2], a basic concept used
in developing most of the measures used in analysis of data. Pythagoras [3] is the first mathematician to introduce the
concept of average and develop its formulation. He had developed three formulations/definitions of average which
were later named as Pythagorean means [4, 5, 14, 18] as a mark of honour to him. The three Pythagorean means are
Arithmetic Mean (AM), Geometric Mean (GM) & Harmonic Mean (HM) [4 , 5 , 14 , 18]. A number of
definitions/formulations of average have already been developed in continuation to the three Pythagorean means [6 , 7,
8,9,10,11,12, 13 ,14,15,16, 17,18 , 19]. The next attempt had been initiated towards the development of
generalized formulation/definition of average. Kolmogorov [20] formulated one generalized definition of average
namely Generalized f — Mean. [7 , 8]. It has been shown that the definitions/formulations of the existing means and also
of some new means can be derived from this Generalized f — Mean [9 , 10]. In an study, Chakrabarty formulated one
generalized definition of average namely Generalized fy — Mean [11]. In another study, Chakrabarty formulated
another generalized definition of average namely Generalized fg — Mean [12 , 13] and developed one general method
of defining average [15, 16, 17] as well as the different formulations of average from the first principles [19].

In many real situations, observed numerical data

x1 y xz PR Py XN
are found to be composed of some parameter L and respective errors
E1, &2, vonninenn, EN

usually of random in nature i.e
Xi=ptg (i:1,2, ............ ,N) (11)

[21,22,23,24,25,26,27,28 , 29].

The statistical methods of estimation of the parameter developed so far namely least squares estimation, maximum
likelihood estimation, minimum variance unbiased estimation, method of moment estimation and minimum chi-square
estimation [31 —38,39—-40,41-42,43,44 ,45 - 47,48 — 49,50, 51 — 52], cannot provide appropriate value of
the parameter p [21 , 22, 23]. Therefore, some methods have recently been developed for determining the value of
parameter 1 in the situation mentioned above [21 ,22 , 23,24, 25, 26, 27 ,28,29,30, 53 ,54, 55, 56,57, 58,59,
60]. These methods, however, involve huge computational tasks. Moreover, these methods may not be able to yield the
appropriate value of the parameter if observed data used are of relatively small size (and/or of moderately large size too)
In reality, of course, the appropriate value of the parameter is not perfectly attainable in practical situation. What one
can expect is to obtain that value which is more and more close to the appropriate value of the parameter. Four methods
have therefore been developed for determining such value of parameter. These four methods involve lighter load of
computational work than respective load involved in the earlier methods and can be applied even if the observed data
used are of small size. [61 , 62 , 63, 64]. The methods developed are based on the concepts of Arithmetic-Geometric
Mean (abbreviated as AGM) [61 , 62, 67 , 68 , 69 , 70], Arithmetic-Harmonic Mean (abbreviated as AHM) [63],
Geometric-Harmonic Mean (abbreviated as GHM) [64] and Arithmetic-Geometric-Harmonic Mean (abbreviated as
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AGHM) [65, 66 , 70] respectively. Each of these four formulations namely AGM, AHM, GHM & AGHM has been
found to be a measure of parameter p of the model described by equation (1.1). In other words, each of these four
formulations can be regarded as a measure of the central tendency, in addition to the usual measures of central tendency
namely AM, GM & HM of the observed values x; , x5, ......... , Xy , Since the values can be expressed by the model
(1.1) if p is the central tendency of them and vice versa. However, for different types of data different measures are
suitable.

In this connection, it is to be mentioned that the basis of all the measures of parameter p of the model described by
equation (1.1) or equivalently of the measures of central tendency of x; , x5, ......... , Xy, IS the three Pythagorean
means namely Arithmetic Mean (AM), Geometric Mean (GM) and Harmonic Mean (HM) [5, 14 , 18].

A number of definitions/formulations of average have already been composed by some renowned mathematicians.
Some of them, which are often used, are Arithmetic Mean , Geometric Mean , Harmonic Mean , Quadratic Mean ,
Square Root Mean , Cubic Mean , Cube Root Mean , Generalized p Mean & Generalized p™ Root Mean etc. [5 —
19].

In the later stage of development of formulation / definition of average, three generalized definitions / formulations
have been constructed by some researchers. These are Generalized f - Mean or Generalized f, — Mean [9, 10],
Generalized fy— Mean [11] & Generalized fg — Mean [12, 13].

However, none of these three generalized definitions is complete i.e. none of them can describe/yield all types of
averages. For this reason, general method has been derived for defining average which is complete i.e. which can
describelyield all types of averages [15, 16 , 17]. At the first step, one general method has been derived for defining
average of the values of a variable [16]. At the next step, one general method has been derived for defining average of a
function of a variable [17]. This paper is based on a brief review on the development of these two general methods of
defining average.

Il. GENERAL METHOD OF DEFINING AVERAGE OF A VARIABLE

Let
N S , X,
be the n values of a variable x .
The arithmetic mean
A= -Tnx 2.1)
satisfies
X, Xy o +x, =A+A+ + A

ThIS means, the fUnCtion f(xl ) X2,X3 5 lxn) Of X1 9 X2,X3 5 v 1 X
defined by

flx, x2,%3 4 X)) =Xt X+x3+ X,
satisfies

f(A, A, A, e A) = Ty, X935, o X)
Here the function f (x; , x,,x5 , ... ,xp) is (1) continuous, (2) strictly increasing in each argument of x; ,
X3,X3 5 i Xxn & (3) symmetric (invariant under permutation of the arguments x; , x5 ,%3 , ... X, .
Similarly, the geometric mean

G = (ITf=y x)™" (22
satisfies
(CH C TR CREI I o < SRR,

This means, the function g (x; , x,%3 , ..., %) Of X1, x5,x3 , ..., %,
defined by

g0y, Xg, X3 ) e e e e e ,Xp) = Xq.Xg . X3 Xn
satisfies

0(G,G, G, ce e e yG) = g (1, Xy, Xg ) e e e e ) Xn)
Here, the function g (x; , x,,x5 , ... ,x,) isalso (1) continuous, (2) strictly increasing in each argument of x;
, X2, X3 X, & (3) symmetric (invariant under permutation of the arguments x; , X, ,X3 , ., Xn .
Also similarly, the harmonic mean
H= 2k, )™ (2.3)

satisfies
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XVt g i A X, V= H Y+ HY 4+ H M L+ HTT

This means, the function h (x; , x5 ,x3 , . ,x,) of x4, x3,%3 , .. ,Xn
defined by

N1, Xo, X3 e eeeveeeee e ) = x4+ T+ x4 e +ox
satisfies

h(H H,H, o JH) = hi(eg ), xg, X3 ) e e e e, ) Xn)
In this case also, the function h (x; , x5 ,x3 , ... ... ,x,)is (1) continuous, (2) strictly increasing in each argument
of x; , x3,x3 , . ,x, &(3)symmetric (invariant under permutation of the arguments x; , x, ,x5 ,
Thus, in general, an average of a list
X1, X2,X3 5 e 0 X

of numbers can be defined to be a number x such that

G, Ly Uy e e e e V) T (X1, Xy, Xg oy e e e e e , Xn)
where @(x; , Xz, X3 4 eeeces cer vee v ,X,) isafunctionof x; , x,,x5 , ... X
such that it is (1) continuous, (2) strictly increasing in each argument of x; , x2 yX3 5 Xy & (3) symmetric
(invariant under permutation of the arguments x; , x,,%x3 , ., X, .
This definition of average can be regarded as a method of derlvmg various definitions/formulations

of average.
Choosing different functions which satisfy the properties (i) , (ii) & (iii), one can obtain different
definitions/formulations of average from the equation

) ) ) ren mer wan wen owwaes y = 1 2 I LTI PRI T TR )y An .
A 1 =g, xp, X Xn) 24)
Il (a). Derivation of Various Averages from the Method
Choosing the function ¢ (x; , x,, x3 , .. ,x,)as
G(X1 ) Xg) X3 ) e er eee e e VX)) = X+ x,+xz+ L+,
G(X1 ) Xg) X3 ) eee e ee e e ,Xp) = Xq.Xp X3 e e c Xy
G TR 2 JXn) = x0Tt 4+ a4 e oL
P(X1 ) Xa) Xz e eer e e e JXn) = X2+ 2  xgi e + X2
P(X1 ) X\ Xz ) eer e err e X)) = Y2+ Y2 b x4 + x, Y2
P(X1 ) Xa) Xz e eer e e e ) = xS x4+ i+ xS
P(X1 ) X\ Xz s eee e e e X)) = x4+ VP x4 V3
G(X1 ) Xg) X3 ) eee e ee e e ,Xn) = xP P+ x4+ x,P
P(X1 ) Xp) Xz yeeeeeeee e e LX) = VP + M+ P+ x, VP
G(X1 ) Xg) Xz ) e oen eve e s , %) 1: f(xq) +1f(x2) +f(x§) + ) '
G(X1, X3y Xgyeunenen. X)) = fO ) + fl) + flg )+ )
_ ¢_(x} b Xy X3y ,Xp) = f(xl).f(agz).f(x3) e e e f(xn_),
respectively and substituting in equation (2.4), the followmg respectlve formulations can be obtained :
1
M = lxl ’
u = (H =1 Xi )Un
U _( Zl lxi_l)_
i = ol
,Ll = ( Zl 1x1/2)2 ’
u = ( Zl lxl3)1/3 ’
,Ll = ( Zl— x1/3)3 ’
= n _,.p)1/p
" (?Z 1xP)MP
L

= fIEE, FGY
u—f LS, FETY
w= T f@y™
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These are respectively arithmetic mean , geometric mean , harmonic mean , quadratic mean , square root mean , cubic
mean , cube root mean , Generalized p" mean , Generalized p" root mean , Generalized f — mean (also called

Generalized fo — mean) , Generalized fy - mean & Generalized fg - mean of x; , x,,%3 , ... ,X,.
Note (2.1):
Choosing the function ¢ (x; , x,, X3 , ... ,%x,)aS
G(X1, X2, X3 ) ven e, X)) = log f(xq) +1og f(x3) +log f(x3) + v v v s
........ + log f(x,)

one can obtain from equation (2.5) that
p = f~![antilog {%Zi":l log f(x)Y = f (=, fx)}"

This is the definition of Generalized fg - mean of x; , x5 ,x%3 , ... ,Xp.
I11l. GENERAL METHOD OF DEFINING AVERAGE OF A FUNCTION

Now let y = &(.) be a function of function so that
Vi =E8(x1) , Yo =E(x) s e , Yo = E(xy)
are the &(.) functional values of
X1 9 X2 e 1 X
respectively.
Then as per the definition of average, as explained above,
the average of the list

Vi Voo v ey, Y
of numbers can be defined to be a number x such that
d(u, U, e ) = o(yy, SO, 145 (3.1)
where ¢ (y; , yn) |safunct|on of y; , y2 wer e et e ey Y
which (1) contlnuous (2) strlctly increasing in each argument of y1, Y2, wo v ve v v, Y & (3) Symmetric
(invariant under permutation of the arguments vy, , y,, ... ..... , Vn -
This implies that the average of the list
E(x1 ), E(2) ) wen e e e e, E()
of numbers can be defined to be a number x such that
O, By i 1) = PLEC) , &) ) e e e e, E(0) 3.2)
where ¢{ &(x; ), &%), v vv v v, &) is @ function of  &(xq ), &(x3), v e ver e e, E(x ) Which is (1)
continuous (2) strictly increasing in each argument of &(x; ), &(x2), v e vee vev e, E(x) & (3) Symmetric (invariant
under permutation of the arguments &(x; ), &(x3), o ve e ve v, E(%)-

Il (3). Derivation of Various Averages from the Method

Choosing the function ¢ {&(x; ), &(x5) 5 e wee ver v, E(x) } @S
DLEx ), E(3) s e v e e, E()} = &) + E(x) + e + &(x,)
GLEL) , E(x3) s v e v, E(x) Y} = E(x1). E(2). E(X3 ) ven e v e E(xy)
&0 ), E02) s e v v, E()Y = LS} + LG H e H (S0}
GLECL) s E(X3) 5 v v v e, E(x)} = {E()Y + {EOQ)DY + e + {E(DY
PLE)  E() oo, EC)} = {EQD Y H{LEGDY? e + (S,
PLECL) , E(X3) 5 e e eee e, E(x)} = {EODYE + {EXDP + oo F{E()DP
PLEG ), EX2) s e oo, E)Y = {EEDIE + {EQDY + i+ {EX)Y?,
G{LE( ), E(x2) ) v v v, E())} = {E(x))IP + {EO)PP + e F {E(x))P,
PLEC ), E(x2) s vve oo, E)Y = LEEDIYP + {EQDIP + o+ {EDIP
L&), E(x3) ) v e e .....,§(xn)} = f{&(x, )}+f{§(x2)} F o, + f{f(xn)},
P{&(x1), 8(x2) EO)YE it ot + ot
where fl—f{f(xl)} fz—f{f(xz)} -- fn=f{~§(xn)},
P{&(x1 ), 8(x2) &)} = f{é(xl)} f{é(xz)} v S8R}

respectively and substituting in equation (3 2) the following respective formulatlons can be obtained :

o= B S
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po= Il &),
w= [l Y5 €79}l il

o1 (&)Y V2
zl _p (Y217
i {EDP 3

l
i
5 ,1{§(X-)}1/3] ,

o1 LGP P
o1 (&Y PP
f! [{ Z 21 fExD}
f- 1{( YL DT}
- ~ Xt f{SGDY
where £, =H{&Ce)} , fo = HEGD} + ) e oo v f = ()}

These are respectively arithmetic mean , geometric mean , harmonic mean , quadratic mean , square root mean , cubic
mean , cube root mean , Generalized p" mean , Generalized p" root mean , Generalized f — mean (also called

[~
[
[
[
[
[

U
U=
U=
u =
U
U
U
U
U

Generalized fo, — mean) , Generalized f, - mean & Generalized fg - mean of &(xy ), &(x3) , v vov ver e , E(xy) -
Note (3.1):
Choosing the function @ {&(x; ), &(x3) 5 v wve ver vene , &(xn)} as

G(X1 ) Xa) e e er e ,Xn) = log t{{&(x )} +log f {&(x)} + v en e e +logf{&(x,)}

one can obtain from equation (3.7) that
u= f [antilog ( X1, log fi)} = f7 [{ =Xy fLECx))]
which is nothing but the generalized fg - mean of &(x; ), &(x3) , cvv ve woe vene , E(xy) -

IV. CONCLUSION

The two general methods of defining average, as described above, are based on the principle behind the concept of
average. These two general definitions capture the important property of all averages that the average of a list of
identical elements is that element itself.

The existing definitions/formulations as well as various new definitions/formulations of average can be derived from

theses two general methods defining selecting different forms of the function ¢ (x; , x5, oo v e , Xn)
Thus the equation
X (R VR T AT ) = (X1, Xy, Xz, e e e e e ) Xn)

can be regarded as the generating equation of average of a variable.
Similarly, the equation

G, Uy e e e e ) = (1), E(x) e e e , E(e)}

can be regarded as the generating equation of average of a function of a variable.

As per the meaning of research [71, 72 ,73], it can be concluded that the innovations of these two general methods of
defining average can be regarded as original/fundamental research carrying very high significance in the theory of
average.
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